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1. Let △ 𝐴𝐵𝐶 be an equilateral triangle with side length 6. Points 𝐷, 𝐸, and 𝐹  lie on sides 𝐴𝐵, 𝐵𝐶,
and 𝐶𝐴 respectively such that △ 𝐷𝐸𝐹  is equilateral and has area equal to △ 𝐹𝐴𝐷. Compute the
side length of △ 𝐷𝐸𝐹 .

Answer: 3

Solution: By symmetry, the triangles △ 𝐹𝐴𝐷, △ 𝐷𝐵𝐸, and △ 𝐸𝐶𝐹  are congruent and
therefore have the same area. Since △ 𝐷𝐸𝐹  has area equal to each of these triangles, and they
partition △ 𝐴𝐵𝐶 , it follows that the area of △ 𝐷𝐸𝐹  is 14  of that of △ 𝐴𝐵𝐶 . That is, △ 𝐷𝐸𝐹  is

similar to △ 𝐴𝐵𝐶 with a √1
4 = 1

2  ratio, and the side length of △ 𝐷𝐸𝐹  is 62 = 3 .

2. We have a 5 × 5 × 5 cube made up of 1 × 1 × 1 cardinal red and
transparent pieces. When looking at the cube, we always see a cardinal red
piece if it is behind any transparent pieces. When viewing each face
straight-on, we can see the letters S, M, T on the top, front, and right side,
respectively (as arranged in the diagram). Compute the maximum possible
number of cardinal red pieces within this cube.
Note: cardinal red pieces are rendered black on your printed copy.

Answer: 29

Solution: We first determine which pieces must be transparent. If a square on the top/front/side is
transparent, then all 5 pieces in the 5 layers must be transparent.

To maximize the number of cardinal red pieces, we count all pieces that are not definitely
transparent as cardinal red pieces. The top layer has at most 17 cardinal red pieces, and each of the

next 4 layers has 3 cardinal red pieces, so there are at most 17 + 4 × 3 = 29  cardinal red pieces in

total.

3. Let Ω be a circle. Draw two radii 𝑟1 and 𝑟2 of Ω that form a 40∘ angle, and let 𝜔 be a circle which is
tangent to both of these radii and internally tangent to Ω. Let 𝜔 be tangent to Ω and 𝑟1 at 𝐴 and 𝐵,
respectively, and let 𝑟1 meet Ω at 𝐶 . Compute ∠𝐴𝐵𝐶 .

Answer: 55∘

Solution: Let 𝑂Ω and 𝑂𝜔 be the centers of Ω and 𝜔, respectively, and let 𝜃 = 40∘ be the sector
angle. Furthermore, we have that 𝑂Ω, 𝑂𝜔, and 𝐴 are collinear. Note that by angle chasing we have
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∠𝑂𝜔𝑂Ω𝐵 = 90 − 𝜃
2 (as 𝜔 is tangent to 𝑟1)

∠𝐴𝑂𝜔𝐵 = 90 + 𝜃
2(by collinearity of 𝑂Ω, 𝑂𝜔, and 𝐴)

∠𝑂𝜔𝐵𝐴 = 45 − 𝜃
4 (since 𝑂𝜔𝐴𝐵 is isosceles)

∠𝐴𝐵𝐶 = 45 + 𝜃
4 (as 𝜔 is tangent to 𝑟1)

so we have ∠𝐴𝐵𝐶 = 45 + 40
4 = 55∘ .

4. In the diagram shown, the rectangles 𝐿1 and 𝐿2 are similar, where
corresponding sides of 𝐿1 are 52  times the length of the corresponding sides
of 𝐿2. Rectangle 𝐿1 is inscribed in a circle 𝜔, and rectangle 𝐿2 meets 𝜔 at
two points, with its long side lying on the long side of 𝐿1. If 𝑟 and 𝑠 are the
side lengths of 𝐿1, where 𝑠 > 𝑟, compute 𝑠𝑟 .

Answer: 2
√

6
3

Solution: Make a copy of 𝐿2 by rotating it 180 degrees about the center of 𝜔. Connect the two
copies via vertical segments to make one tall rectangle. This new rectangle has side lengths (2 ·
2
5 + 1)𝑟 and 25𝑠, and its diagonal has the same length as 𝐿1’s (which is the diameter of 𝜔). We use
the Pythagorean Theorem to find both values: 𝑟2 + 𝑠2 and ((2 · 2

5 + 1)𝑟)2 + (2
5𝑠)2. Setting these

equal and solving gives that 𝑟 = √3
8𝑠, so the ratio is √8/3 = 2

√
6

3 .

5. Let 𝛼 and 𝛽 be two angles in [0, 2𝜋), and let 𝐴 = (cos 𝛼, sin 𝛼), 𝐵 = (cos 𝛽, sin 𝛽) and 𝐶 =
(cos 𝛼 + cos 𝛽, sin 𝛼 + sin 𝛽). If one of the points has coordinates (32

25 , 24
25), compute the area of △

𝐴𝐵𝐶 .

Answer: 12
25

Solution: Since cos2 𝛼 + sin2 𝛼 = cos2 𝛽 + sin2 𝛽 = 1, 𝑂𝐴 = 𝑂𝐵 = 1. Furthermore, 𝐴𝐶 =
√((cos 𝛼 + cos 𝛽) − (cos 𝛼))2 + ((sin 𝛼 + sin 𝛽) − (sin 𝛼))2 = √(cos 𝛽)2 + (sin 𝛽)2 = 𝑂𝐵 = 1,
and similarly 𝐵𝐶 = √((cos 𝛼 + cos 𝛽) − (cos 𝛽))2 + ((sin 𝛼 + sin 𝛽) − (sin 𝛽))2 =
√(cos 𝛼)2 + (sin 𝛼)2 = 𝑂𝐴 = 1, so 𝑂𝐴𝐵𝐶 is a rhombus with side length 1 (this can also be
proved by noting that 𝐶 is the vector sum of 𝐴 and 𝐵). Because (32

25 , 24
25) has distance from the

origin √(32
25)2 + (24

25)2 = 8
5 > 1, it must be point 𝐶 . Since 𝑂𝐵 = 𝑂𝐶 , 𝑂𝐵𝐶 is an isosceles

triangle. As the diagonals of a rhombus perpendicularly bisect each other, 𝑂𝐶
2 = 4

5  is the height

from 𝑂 to 𝐴𝐵. Then △ 𝐴𝐵𝐶 = △ 𝑂𝐴𝐵 = 1
2 · 𝑂𝐶 · √12 − (𝑂𝐶

2 )2 = 12
25 .

6. Let 𝒫 be a parabola with its vertex at 𝐴, and let 𝐵 and 𝐶 be two other distinct points on 𝒫. The
focus 𝐹  of 𝒫 is the centroid of △ 𝐴𝐵𝐶 . If 𝐹𝐵 = 3, compute the area of △ 𝐴𝐵𝐶 .

Answer: 54
√

6
25

Solution: WLOG, the parabola as equation 𝑦 = 𝑎𝑥2 for some positive, real 𝑎. We have 𝐴 = (0, 0)
and 𝐹 = (0, 1

4𝑎). Let 𝐵 = (𝑏, 𝑎𝑏2) and 𝐶 = (𝑐, 𝑎𝑐2). WLOG, 𝑏 > 0, since we can reflect the
diagram over 𝑥 = 0. 𝐹  is the centroid of △ 𝐴𝐵𝐶 , so
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(
0 + 𝑏 + 𝑐

3
,
0 + 𝑎𝑏2 + 𝑎𝑐2

3
) = (0,

1
4𝑎

) ⟹ 𝑏 = −𝑐 ⟹ 𝑏2 =
3

8𝑎2 .

The directrix is 𝑦 = − 1
4𝑎 . By the definition of a parabola, the distance from 𝐵 to the directrix is 3.

This means

3 = 𝑎𝑏2 +
1
4𝑎

=
3
8𝑎

+
1
4𝑎

=
5
8𝑎

⟹ 𝑎 =
5
24

.

Now, we calculate

[𝐴𝐵𝐶] =
2𝑏 · 𝑎𝑏2

2
= 𝑎𝑏3 =

𝑎3𝑏3

𝑎2 =
(

√
3√
8
)

3

( 5
24)2 =

3
√

3 · 242

16
√

2 · 25
= 54

√
6

25 .

SOLUTION #2 (Synthetic Finish): Let ℓ be the directrix of 𝒫. Note that 𝐹𝐵 = dist(𝐵, ℓ) = 𝐹𝐶 =
dist(𝐶, ℓ) = 3. It follows that 𝐵𝐶 and ℓ are parallel. Let 𝑀  be the midpoint of 𝐵𝐶 and let 𝐹𝑀 =
𝑡. Then 𝐹𝐴 = 2 · 𝐹𝑀 = 2𝑡, and dist(𝐹 , 𝐴) = dist(𝐴, ℓ) = 2𝑡. Thus

dist(ℓ, 𝑀) = 5𝑡 = 3 = dist(𝐵, ℓ) ⟹ 𝑡 =
3
5

From here, we can compute [𝐴𝐵𝐶] = 𝐴𝑀 · 𝑀𝐵 = 9
5

√
𝐹𝐵2 − 𝐹𝑀2 = 9

5 · 6
√

6
5 = 54

√
6

25 .

7. Triangle △ 𝐴1𝐴2𝐴3 has side lengths 𝐴1𝐴2 = 13,
𝐴2𝐴3 = 14, 𝐴3𝐴1 = 15. Points 𝐵𝑖 and 𝐶𝑖 lie on
𝐴𝑖+1𝐴𝑖+2 such that ∠𝐵𝑖𝐴𝑖𝐶𝑖 = 30∘ for 1 ≤ 𝑖 ≤ 3,
where 𝐴4 = 𝐴1 and 𝐴5 = 𝐴2. For 1 ≤ 𝑖 ≤ 3, let 𝐷𝑖
be the intersection of 𝐴𝑖𝐵𝑖 and 𝐴𝑖+1𝐶𝑖+1 and 𝐸𝑖 the
intersection of 𝐴𝑖𝐶𝑖 and 𝐴𝑖+1𝐵𝑖+1, where 𝐴4 =
𝐴1, 𝐵4 = 𝐵1, 𝐶4 = 𝐶1. If 𝐷1𝐸3𝐷2𝐸1𝐷3𝐸2 forms a
convex hexagon with an inscribed circle of radius 𝑟,
compute 𝑟.

Answer: 65
√

6−65
√

2
32

Solution: Draw the radii from the center of the circle to the tangent points. Note that all 6
triangles as shown are congruent via AAS:
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Hence, if 𝑅 is the circumradius of △ 𝐴1𝐴2𝐴3 and 𝑟 is the radius of the small circle, then 𝑟 =
𝑅 sin(15∘) = 65

√
6−65

√
2

32 .

8. Let 𝑃𝐴𝐵𝐶𝐷 be a pyramid with rectangular base 𝐴𝐵𝐶𝐷 and cos ∠𝐴𝑃𝐶
cos ∠𝐵𝑃𝐷 = 2. If 𝐵𝑃 = 4 and

𝐷𝑃 = 9, compute 𝐴𝑃 + 𝐶𝑃 .

Answer: 
√

133

Solution:

Let 𝑃′ be the projection of 𝑃  onto the plane containing 𝐴𝐵𝐶𝐷. By the British Flag Theorem,

(𝐴𝑃 ′)2 + (𝐶𝑃′)2 = (𝐵𝑃′)2 + (𝐷𝑃′)2.

It follows that

𝐴𝑃 2 + 𝐶𝑃 2 = (𝐴𝑃′)2 + (𝑃𝑃′)2 + (𝐶𝑃′)2 + (𝑃𝑃′)2

= (𝐵𝑃′)2 + (𝑃𝑃′)2 + (𝐷𝑃′)2 + (𝑃𝑃′)2 = 𝐵𝑃 2 + 𝐷𝑃 2 = 42 + 92 = 97.

Note that 𝐴𝐵𝐶𝐷 is a rectangle, so 𝐴𝐶 = 𝐵𝐷. By the Law of Cosines on △ 𝐴𝑃𝐶 and △ 𝐵𝑃𝐷,

𝐴𝑃 2 + 𝐶𝑃 2 − 2 · 𝐴𝑃 · 𝐶𝑃 · cos ∠𝐴𝑃𝐶 = 𝐴𝐶2 = 𝐵𝐷2 = 𝐵𝑃 2 + 𝐷𝑃 2 − 2 · 𝐵𝑃 · 𝐷𝑃 · cos ∠𝐵𝑃𝐷

from which 𝐴𝑃 · 𝐶𝑃 = 4·9
2 = 18. Now we have
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𝐴𝑃 + 𝐶𝑃 = √𝐴𝑃 2 + 2 · 𝐴𝑃 · 𝐶𝑃 + 𝐶𝑃 2 =
√

97 + 36 =
√

133 .

Note that an exact configuration works:

𝐴 = (0, 0, 0)

𝐵 =
⎝
⎜⎜
⎛√

√
8113 − 65

2
, 0, 0

⎠
⎟⎟
⎞

𝐶 =
⎝
⎜⎜
⎛√

√
8113 − 65

2
, √

65 +
√

8113
2

, 0
⎠
⎟⎟
⎞

𝐷 =
⎝
⎜⎜
⎛0, √

65 +
√

8113
2

, 0
⎠
⎟⎟
⎞

𝑃 =
⎝
⎜⎜
⎛0, 0, √

97 −
√

8113
2

⎠
⎟⎟
⎞.

9. Let 𝐴𝐵𝐶𝐷 be a square centered at 𝐸 with side length 10. Point 𝑃  lies on the extension of line
𝐶𝐷 past point 𝐷. There exists a point 𝑄 on line 𝐴𝑃  such that lines 𝐸𝑄, 𝐵𝑃 , and 𝐴𝐷 are
concurrent. If 𝐸𝑄 = 7

√
2, compute |𝐴𝑄 − 𝐷𝑄|.

Answer: 2

Solution: SOLUTION 1: Extend EQ to meet AB at N and CD at M, and let T be the intersection of
AD, BP, and MN.

Since BN and MP are parallel,

𝐴𝑁 : 𝐶𝑀 = 𝐴𝐸 : 𝐶𝐸 = 1 : 1,
𝐴𝑁 : 𝐷𝑀 = 𝐴𝑇 : 𝐷𝑇 = 𝐴𝐵 : 𝐷𝑃,

𝐴𝑁 : 𝑀𝑃 = 𝐴𝑄 : 𝑄𝑃

by similar triangles.

Let DP = x, so 𝐴𝑁 : 𝐷𝑀 = 10 : 𝑥.

Because 𝐷𝑀 = 𝐶𝐷 + 𝐶𝑀 = 𝐴𝑁 + 10, 𝐴𝑁 = 100
𝑥−10  and 𝐷𝑀 = 10𝑥

𝑥−10 .

Because 𝑀𝑃 = 𝐷𝑀 + 𝐷𝑃 = 𝑥2

𝑥−10 , 𝐴𝑄 : 𝑄𝑃 = 𝐴𝑁 : 𝑀𝑃 = 100 : 𝑥2.

Since the right triangle 𝐴𝐷𝑃  has side length ratio 𝐴𝐷 : 𝐷𝑃 = 10 : 𝑥, ∠𝐴𝑄𝑃 = 90∘, so 𝐴𝐸𝐷𝑄 is
a cyclic quadrilateral.

Since 𝐴𝐸 = 𝐷𝐸 = 5
√

2 and 𝐸𝑄 = 7
√

2, either 𝐴𝑄 = 6, 𝐷𝑄 = 8 or 𝐴𝑄 = 8, 𝐷𝑄 = 6, so

| 𝐴𝑄 − 𝐷𝑄 | = 2 .

SOLUTION 2: Let us impose a coordinate system on this configuration with 𝐴 = (10, 10), 𝐵 =
(0, 10), 𝐶 = (0, 0), 𝐷 = (10, 0), and 𝐸 = (5, 5). Let 𝑃 = (10 + 𝑝, 0) for some 𝑝 > 0. Since 𝑄 lies
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on 𝐴𝑃 , 𝑄 = (10 + 𝑡𝑝, 10 − 10𝑡) for some 0 < 𝑡 < 1. Let 𝑋 be the intersection of 𝐵𝑃  and 𝐴𝐷.
Since lines 𝐵𝑃  and 𝐴𝐷 have equations 𝑦 = 10 − 10𝑥

𝑝+10  and 𝑥 = 10. Solving the equations gives us:

𝑋 = (10,
10𝑝

𝑝 + 10
).

The line 𝐸𝑄 and 𝐴𝐷 have equations 𝑦 = (5−10𝑡
5+𝑡𝑝 )(𝑥 − 5) + 5 and 𝑥 = 10, so it intersects at

coordinate point (10, 50−50𝑡+5𝑡𝑝
5+𝑡𝑝 ). By the concurrency condition, 𝑋 = (10, 10𝑝

𝑝+10) =
(10, 50−50𝑡+5𝑡𝑝

5+𝑡𝑝 ). Solving for 𝑡
10𝑝

𝑝 + 10
=

50 − 50𝑡 + 5𝑡𝑝
5 + 𝑡𝑝

(10𝑝)(5 + 𝑡𝑝) = (50 − 50𝑡 + 5𝑡𝑝)(𝑝 + 10)

10𝑝2𝑡 + 50𝑝 = 5𝑝2𝑡 + 50𝑝 − 500𝑡 + 500
(5𝑝2 + 500)𝑡 = 500

𝑡 =
500

5𝑝2 + 500
=

100
𝑝2 + 100

Finally, we can solve for 𝑝 using 𝐸𝑄 = 7
√

2. Since 𝐸 = (5, 5) and 𝑄 = (10 + 𝑡𝑝, 10 − 10𝑡)

‖𝐸𝑄‖ = √(5 + 𝑡𝑝)2 + (5 − 10𝑡)2 = 7
√

2

25 + 𝑡2𝑝2 + 10𝑡𝑝 + 25 − 100𝑡 + 100𝑡2 = 98
𝑡2(𝑝2 + 100) + 10𝑡𝑝 − 100𝑡 = 48

100𝑡 + 10𝑡𝑝 − 100𝑡 = 48

10𝑡𝑝 = (
1000

𝑝2 + 100
)𝑝 = 48

1000𝑝 = 48(𝑝2 + 100)

48𝑝2 − 1000𝑝 + 4800 = 0
6𝑝2 − 125𝑝 + 600 = (3𝑝 − 40)(2𝑝 − 15) = 0

𝑝 =
40
3

or 𝑝 =
15
2

.

The distances from 𝑄 = (10 + 𝑡𝑝, 10 − 10𝑡) to 𝐴 = (10, 10) and 𝐷 = (10, 0) are

‖𝐴𝑄‖ = √𝑡2𝑝2 + 100𝑡2

= 𝑡√𝑝2 + 100

=
100

√𝑝2 + 100

and
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‖𝐷𝑄‖ = √𝑡2𝑝2 + (10 − 10𝑡)2

= √𝑡2𝑝2 + 100 + 100𝑡2 − 200𝑡

= √𝑡2(𝑝2 + 100) + 100 − 200𝑡

=
√

100𝑡 + 100 − 200𝑡

= 10
√

1 − 𝑡

= 10√ 𝑝2

𝑝2 + 100

=
10𝑝

√𝑝2 + 100
.

Hence,

|‖ 𝐴𝑄 ‖ − ‖ 𝐷𝑄 ‖| =
10 | 10 − 𝑝 |
√𝑝2 + 100

.

Plugging 𝑝 = 40
3  yields

| 10 − 𝑝 | =
10
3

and √𝑝2 + 100 =
50
3

,

so that

|‖ 𝐴𝑄 ‖ − ‖ 𝐷𝑄 ‖| =
10 · 10

3
50
3

=
100
50

= 2 .

Similarly, one can plug in 𝑝 = 15
2  and get the same answer.

10. Let 𝐴𝐹𝐷𝐶 be a rectangle. Construct points 𝐸 and 𝐵 outside of 𝐴𝐹𝐷𝐶 such that 𝐴𝐵 = 𝐵𝐶 =
𝐷𝐸 = 𝐸𝐹 = 45 and 𝐴𝐵𝐶𝐷𝐸𝐹  is a convex hexagon. Let ℰ be an inscribed ellipse tangent to
sides 𝐴𝐵, 𝐵𝐶, 𝐶𝐷, 𝐷𝐸, 𝐸𝐹, 𝐹𝐴 at points 𝑈, 𝑉 , 𝑊, 𝑋, 𝑌 , and 𝑍, respectively. Points 𝐹1 and 𝐹2
with 𝐹1 closer to 𝐵 are the foci of ℰ satisfying △ 𝐴𝐵𝐶 ≅ △ 𝐹1𝑊𝐹2 ≅ △ 𝐷𝐸𝐹. Let 𝑄 be on
line 𝐶𝐷 such that 𝐹1𝑌 ⟂ 𝑍𝑄. Compute the area of quadrilateral 𝐹1𝑄𝑌 𝑍.

Answer: 1350
√

3

Solution: First, we solve this problem when 𝐴𝐵 = 𝐵𝐶 = 𝐷𝐸 = 𝐸𝐹 = 1, then scale by 2025 at
the end.

Lemma 1. 𝐹1𝑍𝐹2𝑊  is a square.

Proof: Since 𝑍𝑊  is parallel to 𝐴𝐶 and 𝐹1𝐹2 is perpendicular to 𝐴𝐶 , 𝐹1𝑍𝐹2𝑊  has perpendicular
diagonals. By symmetry, these diagonals bisect each other as well, so 𝐹1𝑍𝐹2𝑊  is a rhombus.
However, 𝐹1𝐹2 = 𝐴𝐶 = 𝑍𝑊 , so these diagonals bisect each other; hence, 𝐹1𝑍𝐹2𝑊  is a square.

From this we can conclude that △ 𝐴𝐵𝐶 ≅ △ 𝐹1𝑊𝐹2 ≅ △ 𝐷𝐸𝐹  are all 45 − 45 − 90 triangles.

Lemma 2. ∠𝑌 𝐹1𝐸 = 15∘.
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Proof: By the previous lemma, ∠𝐷𝐸𝐹 = 90∘. Line 𝐹1𝐹2 bisects this, so ∠𝐹1𝐸𝑌 = ∠𝐹2𝐸𝑌 =
45∘.

By a well-known property of ellipses, as 𝐹1 and 𝐹2 are foci of the ellipse and 𝑌  is the tangency
point of this ellipse to segment 𝐸𝐹 , we have ∠𝐹1𝑌 𝐹 = ∠𝐹2𝑌 𝐸. Consider the point 𝐹3
constructed by reflecting 𝐹2 across segment 𝐸𝐹 ; it thus follows that 𝐹1, 𝑌 , and 𝐹3 are collinear.
But simultaneously, ∠𝐹2𝐸𝐹3 = 2∠𝐹2𝐸𝑌 = 90∘. Hence, △ 𝐹1𝐸𝐹3 is a right triangle with a right
angle at 𝐸.

Let 𝑥 = 𝐹3𝐸; we find the side lengths of △ 𝐹1𝐸𝐹3 in terms of 𝑥. First,

𝐹1𝐹3 = 𝐹1𝑌 + 𝑌 𝐹3 = 𝐹1𝑌 + 𝑌 𝐹2.

Since the sum of the distances from any point on an ellipse to its foci is constant, this is equal to
𝐹1𝑍 + 𝑍𝐹2 = 2. Meanwhile,

𝐹1𝐸 = 𝐹1𝐹2 + 𝐹2𝐸 =
√

2 + 𝑥

and 𝐹3𝐸 = 𝑥.

By the Pythagorean Theorem, (
√

2 + 𝑥)2 + 𝑥2 = 4, and solving, 𝑥 =
√

6−
√

2
2 . Then,

sin(∠𝑌 𝐹1𝐸) = sin(∠𝐹3𝐹1𝐸) =
√

6 −
√

2
4

= sin 15∘

so ∠𝑌 𝐹1𝐸 = 15∘ as desired.

These suffice to compute the lengths of the diagonals of 𝐹1𝑄𝑌 𝑍 .

Since two angles of △ 𝐹1𝑌 𝐸 are ∠𝑌 𝐹1𝐸 = 15∘ and ∠𝐹1𝐸𝑌 = 45∘, the remaining angle ∠𝐹1𝑌 𝐸
must be 120∘. However, as stated previously,

∠𝐸𝑌 𝐹2 = ∠𝐹𝑌 𝐹1 = 60∘

so ∠𝐹1𝑌 𝐹2 = 60∘. We can then use Law of Sines on △ 𝐹1𝑌 𝐹2 to get

𝐹1𝑌 =
sin(180∘ − 15∘ − 60∘)

sin(60∘)
·
√

2 =
sin(75∘)
sin(60∘)

·
√

2.

Meanwhile, line 𝐹1𝑌  forms a 15∘ angle with line 𝐹1𝐸 which is parallel to line 𝐶𝐷, so line 𝑄𝑍 ,
which is perpendicular to line 𝐹1𝑌 , must form a 75∘ angle with line 𝐶𝐷. Hence ∠𝑍𝑄𝑊 = 75∘, so

𝑄𝑍 =
𝑍𝑊

sin(75∘)
=

√
2

sin(75∘)
.

Finally, the area of 𝐹1𝑄𝑌 𝑍 is

𝐹1𝑌 · 𝑄𝑍
2

=
1

sin(60∘)
=

2
√

3
3

which scaled up by 2025 becomes 1350
√

3 .
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TB. This is an estimation question used for tiebreaking purposes. Ties on this test will be broken by
absolute distance from the correct answer to this question.

The incircle of triangle 𝐴𝐵𝐶 is tangent to 𝐴𝐵 at 𝐹  such that 𝐴𝐹 = 5, 𝐵𝐹 = 12, and the area of
the triangle is 20250.

Estimate cos ∠𝐴𝐵𝐶 in the decimal form 0.𝑎𝑏𝑐𝑑𝑒𝑓𝑔ℎ where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔, ℎ are decimal digits
each between 0 and 9, inclusive.

Answer: 0.41492712

Solution: We can compute it directly, albeit with a lot of calculation. Here is a way to
approximate:
Let 𝐷 and 𝐸 be its tangency on 𝐵𝐶 and 𝐴𝐶 respectively. By the tangency condition, 𝐴𝐸 =
𝐴𝐹 = 5, 𝐵𝐷 = 𝐵𝐹 = 12, 𝐶𝐷 = 𝐶𝐸. As such, 𝐶𝐵 − 𝐶𝐴 = (𝐶𝐷 + 𝐷𝐵) − (𝐶𝐸 − 𝐸𝐴) =
(𝐶𝐷 − 𝐶𝐸) + (𝐷𝐵 − 𝐸𝐴) = 12 − 5 = 7 is an invariant independent of location of 𝐶 . This
implies that the curve is half of a hyperbola with focuses at 𝐴 and 𝐵, passing through 𝐹 . ∠𝐴𝐵𝐶
approaches its upper bound as 𝐶 approaches the hyperbola’s point at infinity, where 𝐶𝐴 and 𝐶𝐵
are parallel. Let 𝐻  be the projection of 𝐴 on to 𝐵𝐷. 𝐵𝐻 = 𝐶𝐵 − 𝐶𝐴 = 7. Since ∠𝐴𝐵𝐶 =
∠𝐴𝐵𝐻 , 𝐴𝐵 = 12 + 5 = 17, and ∠𝐴𝐻𝐵 is a right angle, cos ∠𝐴𝐵𝐶 = cos ∠𝐴𝐻𝐵 = 𝐵𝐻

𝐴𝐵 =
7
17 ≈ 0.41 .

Here is a direct computation: We are given that the incircle of triangle 𝐴𝐵𝐶 is tangent to side 𝐴𝐵
at point 𝐹 , with 𝐴𝐹 = 5, 𝐵𝐹 = 12, and area of triangle is 20250.

Let 𝐴𝐵 = 𝑐 = 17, since 𝐴𝐹 + 𝐵𝐹 = 5 + 12 = 17. Let 𝑠 be the semi-perimeter of triangle 𝐴𝐵𝐶 ,
and let the side lengths be:

𝑎 = 𝐵𝐶 = 𝑠 − 5, 𝑏 = 𝐴𝐶 = 𝑠 − 12, 𝑐 = 𝐴𝐵 = 17

The area can be written as:

Area = 𝑟 · 𝑠 = 20250

Using Heron’s formula:

Area = √𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐) = √𝑠 · 5 · 12 · (𝑠 − 17) ⇒ 20250 = √60𝑠(𝑠 − 17)

Square both sides:

202502 = 60𝑠(𝑠 − 17) ⇒ 𝑠(𝑠 − 17) =
202502

60
= 6834375

Solve the quadratic:

𝑠2 − 17𝑠 − 6834375 = 0 ⇒ 𝑠 =
17 +

√
27337789
2

=
17 + 5229

2
= 2623

Then:

𝑎 = 𝑠 − 5 = 2618, 𝑏 = 𝑠 − 12 = 2611
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Use the Law of Cosines at angle ∠𝐴𝐵𝐶 :

cos ∠𝐴𝐵𝐶 =
𝑎2 + 𝑐2 − 𝑏2

2𝑎𝑐

Using expressions:

cos ∠𝐴𝐵𝐶 =
(𝑠 − 5)2 + 172 − (𝑠 − 12)2

2 · (𝑠 − 5) · 17
=

14𝑠 + 170
34(𝑠 − 5)

=
36892
88912

=
9223
22228

cos ∠𝐴𝐵𝐶 = 9223
22228 = 0.4149271189… .


